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Abstract
A method to obtain an approximate relation between the reduced cross section derivative and the F2(x,Q2) scaling violations
at low-x is presented. The resulting formula can be used to determine the structure function F2 from the HERA reduced cross
section data taken at low-x. This new approach can determine the structure function F2 with reasonable precision even for low
value x which has not been investigated. To test the validity of our determined structure functions,the obtained F2 data are used
to find the gluon distribution function as well as the longitudinal structure function which have been found by leading order
approximation and from which comparison are made to QCD parton distribution functions.
 2002 Elsevier Science B.V.
1. Introduction
Precise measurements of the inclusive scattering
cross section at the ep collider HERA are important
for the understanding of proton substructure. In the
one-photon exchange approximation, the neutral cur-
rent double differential cross section, d2σ/dx dQ2, is
given by the expression:
(1)d
2σ
dx dQ2
= 2πα
2Y+
Q4x
σr ,
where the reduced cross section is defined as
(2)σr ≡ F2
(
x,Q2
)− y2
Y+
FL
(
x,Q2
)
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and Y+ = 1+ (1− y)2. Here Q2 is the squared four-
momentum transfer, x denotes the Bjorken scaling
variable, y = Q2/sx is the inelasticity, with s the
ep center of mass energy squared, and α is the fine
structure constant [1].
The structure functions F2 and FL are related to
the cross sections σT and σL for interaction of trans-
versely and longitudinally polarized virtual photons
with protons [2]. In the quark parton model, FL is pre-
dicted to be zero for spin 1/2 partons [3]. While in
QCD, FL acquires a nonzero value [4] due to gluon
radiation, which is proportional to the strong coupling
constant αs [5,6]. Due to the positivity of the cross
sections for longitudinally and transversely polarized
photon’s scattering off protons, the proton structure
functions F2 and FL obey the relation 0  FL 
F2 [7].
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Thus, the contribution of the longitudinal structure
function FL to the cross section can be sizeable only
at large values of the inelasticity y , and in most of the
kinematic range the relation σr ≈ F2 holds to a very
good approximation.
2. The relation between F2(x,Q2) and σr
The structure function F2(x,Q2) was derived from
the one-photon exchange cross section, Eqs. (1)
and (2). The structure function ratio R = FL/F2 − FL
has not yet been measured at HERA. It was calculated
by using the QCD relation [8] with the NLO strong
coupling constant [9] and the GRV & MRS parton pa-
rameterization [10].
In perturbative QCD, the longitudinal structure
function FL(x,Q2) is proportional to αs . It is given to
leading order, by an integral over the quark and gluon
distributions [11,12]:
(3)
FL
(
x,Q2
)= αs(Q2)
π
[
4
3
1∫
x
dy
y
(
x
y
)2
F2
(
y,Q2
)
+ 2c
1∫
x
dy
y
(
x
y
)2(
1− x
y
)
× yg(y,Q2)
]
.
Using the fact that quark densities can be neglected
and that the nonsinglet contribution FNS2 can be
ignored safely at low-x , hence at small x (x 
10−3), the right-hand side is dominated by the gluon
contribution [13]. In fact, it can be shown that (at
nf = 4)
(4)FL
(
x,Q2
)≈ 2αs
π
10
9
xg(2.5x,Q2)
5.9
.
The longitudinal structure function is therefore a very
clean probe for the small-x gluon distribution [14].
On the other hand, by taking advantage of the
Prytz LO method [15], the gluon momentum density
is obtained:
(5)xg(x,Q2)≈ dF2(x/2,Q2)/d lnQ2
(40/27)(αs/4π)
.
Now, using Eqs. (4) and (5), FL(x,Q2) is found
directly from the slope of F2(x,Q2) at 1.25x , namely:
(6)FL
(
x,Q2
)≈ 6
5.9
dF2(1.25x,Q2)
d lnQ2
.
Substituting this leading order relation in Eq. (2) for
each constant value of x , an approximate method is
presented from which the structure function F2(x,Q2)
is obtained without the prior knowledge of parton
distribution function. On this basis we get
(7)σr = F2
(
x,Q2
)− 6
5.9
y2
Y+
dF2(1.25x,Q2)
d lnQ2
.
In order to obtain the structure functions and solve
Eq. (7), the reduced cross sections data of Tables 9–12
in Ref. [16] are used. Considering the relationship
between the reduced cross sections at x and 1.25x
values, shows the similar relation between structure
functions within corresponding error. Thus, we have
(8)σr = F2
(
x,Q2
)− β y2
Y+
dF2(x,Q2)
d lnQ2
,
where β = 0.95± 0.03.
In order to find F2(x,Q2), the derivative method
is used which is based upon (dσr/d lny)x the cross
section derivative. Taking the derivative of Eq. (8) with
respect to lny for each value of constant x , we get:
(
dσr
d lny
)
x
=
(
dF2
d lny
)
x
− 2βy2 2− y
Y 2+
(
dF2
d lny
)
x
(9)− β y
2
Y+
(
d2F2
d lny2
)
x
.
Assuming a linear relation between σr and lny , we
can neglect the third term on the right-hand side of
Eq. (9). On the other hand, in order to obtain the
precise variations of σr as a function of lny at each
constant value of x , two adjacent values of x have been
averaged.
In this calculations we used the measurements of
the inclusive cross sections accompanied by statistical
errors for the deep-inelastic scattering of positrons off
protons. They are presented at 7.5Q2  120 GeV2
and x  10−2 for cross sections data collected by the
H1 experiment at HERA in the years 1996–1997 [16].
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3. Calculations and comparison
Since the contribution of the longitudinal structure
function to the DIS cross section Eq. (2) is propor-
tional to y2, the F2(x,Q2) term dominates at y 
0.08 and the relation σr = F2 holds to a very good
approximation. Thus the contribution of the second
term of the right hand Eq. (9) can be sizeable only
at y > 0.08. Therefore, for y > 0.08, the reduced
cross sections data in Ref. [16] are used. At inter-
mediate values of Q2 for each constant value of x ,
the slope of σr with respect to lny is determined. By
substituting (dσr/d lny)x in Eq. (9), (dF2/d lny)x or
(dF2/d lnQ2)x are obtained. Now, knowing the slope
of F2 and σr with respect to lny at each y or cor-
responding Q2, and then substituting in Eq. (8), the
value of structure function F2(x,Q2) is obtained and
tabulated in Table 1. In Fig. 1 a comparison is made
between our obtained values and the existing data, in-
dicating the fact that the structure function F2(x,Q2)
can be determined with reasonable precision at y >
0.4.
In order to test the validity and correctness of our
obtained structure functions, the gluon distribution
functions are found by using LO Prytz method and are
compared with the theoretical predictions. In doing so,
Table 1
The values of ∂σr /∂ lny and ∂F2/∂ lny and the determined structure functions F2 for different values of Q2 with statistical errors based on
the values σr of Ref. [16]
x Q2 y σr ∆ ∂σr /∂ lny ∆ ∂F2/∂ lny ∆ F2 ∆
0.00032 7.50 0.2585 1.018 0.012 0.457 0.004 0.503 0.015 1.039 0.012
0.00032 10.1 0.3488 1.143 0.010 0.393 0.020 0.484 0.020 1.182 0.010
0.00032 13.3 0.4601 1.246 0.006 0.295 0.005 0.469 0.012 1.319 0.005
0.00041 10.1 0.2862 1.102 0.010 0.417 0.020 0.472 0.014 1.126 0.010
0.00041 13.3 0.3770 1.213 0.006 0.332 0.005 0.430 0.013 1.255 0.006
0.00041 17.4 0.4920 1.294 0.007 0.285 0.006 0.507 0.012 1.387 0.006
0.00041 20 0.5640 1.336 0.008 0.253 0.012 0.327 0.012 1.419 0.007
0.00041 22.5 0.6200 1.354 0.017 0.195 0.061 0.846 0.260 1.624 0.082
0.00050 7.5 0.1660 0.933 0.012 0.438 0.004 0.453 0.014 0.940 0.012
0.00050 10.1 0.2237 1.062 0.010 0.444 0.059 0.476 0.061 1.076 0.010
0.00050 13.3 0.2946 1.181 0.007 0.371 0.005 0.424 0.012 1.204 0.007
0.00050 17.4 0.3853 1.255 0.006 0.197 0.0004 0.259 0.008 1.281 0.006
0.00050 20 0.4430 1.285 0.006 0.228 0.007 0.344 0.003 1.334 0.006
0.00050 22.5 0.4980 1.315 0.008 0.270 0.018 0.492 0.029 1.408 0.005
0.00080 7.5 0.1040 0.846 0.013 0.343 0.007 0.347 0.008 0.848 0.013
0.00080 10.1 0.1400 0.935 0.015 0.272 0.006 0.278 0.006 0.938 0.015
0.00080 13.3 0.1840 1.042 0.011 0.573 0.044 0.598 0.042 1.053 0.011
0.00080 17.4 0.2410 1.145 0.006 0.220 0.001 0.239 0.007 1.153 0.006
0.00080 20 0.2770 1.178 0.006 0.248 0.002 0.278 0.008 1.191 0.006
0.00080 22.5 0.3120 1.210 0.007 0.287 0.005 0.335 0.008 1.231 0.007
0.00080 30 0.4150 1.298 0.007 0.333 0.001 0.468 0.015 1.355 0.006
0.00130 10.1 0.0870 0.837 0.015 0.232 0.006 0.234 0.004 0.838 0.015
0.00130 13.3 0.1140 0.923 0.011 0.415 0.045 0.421 0.044 0.926 0.011
0.00130 17.4 0.1480 1.014 0.006 0.308 0.0003 0.316 0.010 1.018 0.006
0.00130 20 0.1700 1.059 0.006 0.239 0.002 0.248 0.008 1.063 0.006
0.00130 22.5 0.1910 1.075 0.006 0.142 0.004 0.149 0.002 1.078 0.006
0.00130 30 0.2250 1.136 0.007 0.267 0.003 0.293 0.008 1.148 0.007
0.00130 40 0.3400 1.231 0.008 0.402 0.004 0.488 0.015 1.268 0.057
0.00200 13.3 0.0734 0.842 0.012 0.175 0.044 0.176 0.044 0.842 0.012
0.00200 17.4 0.0964 0.900 0.006 0.254 0.022 0.257 0.021 0.901 0.006
0.00200 20 0.1110 0.939 0.007 0.237 0.004 0.240 0.006 0.940 0.007
0.00200 22.5 0.1245 0.962 0.007 0.211 0.005 0.215 0.004 0.964 0.007
0.00200 30 0.1660 1.008 0.008 0.135 0.001 0.140 0.025 1.010 0.008
0.00200 40 0.2215 1.069 0.008 0.304 0.004 0.325 0.009 1.078 0.008
0.00200 52 0.2877 1.171 0.009 0.480 0.003 0.544 0.017 1.199 0.009
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Fig. 1. Comparison of proton structure function obtained in our
method to the H1 data (Ref. [16]). Our error bars are statistical.
Table 2
The longitudinal structure function FL and the gluon distribution
function G at Q2 = 20 GeV2. Based on the our structure functions
data of Table 1. The errors are statistical
x G(2x) ∆ FL(0.8x) ∆
0.00041 18.75 0.88 0.457 0.031
0.00050 17.04 0.79 0.415 0.028
0.00080 15.20 0.69 0.370 0.025
0.00130 12.57 0.20 0.306 0.016
0.00200 10.11 0.45 0.246 0.016
the structure functions data given in Table 1 are used.
At each constant value of x , a linear fit is performed to
the calculated values of F2 in terms of lnQ2 [17,18],
and dF2/d lnQ2 is found at Q2 = 20 GeV2. To extract
the gluon distribution function from Eq. (5), the value
of αs at the same momentum transfer is assumed to
be αs = 0.203 ± 0.01. The values of gluon structure
function obtained at low-x , can be observed in Table 2.
As can be seen in Fig. 2, the values of G(2x,
20 GeV2) increase as x decreases. Considering the
available data and their corresponding statistical er-
rors, the x dependence of gluon distribution function
Fig. 2. The solid circles represent the gluon distribution function
values prediction using the structure functions F2(x,Q2) obtained
in our method at Q2 = 20 GeV2. The error bars are statistical. The
solid curve shows the gluon prediction from obtained equation and
comparison to parton parametrisations; MRSD− (dashed curve),
MRSG (dotted curve), GRV(98) & MRS(95) (dashed dotted curve).
Using data Table 2.
is shown to be as follow:
(10)G(2x)= αxβ.
The best values selected from Table 2 for α and β
can be observed in Table 3. The estimated values of
gluon distribution function that has been compared
with different QCD analyzed [19–21], are based upon
obtained values of our structure function, which is
shown in Fig. 2.
Now by considering the G(2x,Q2) data at given
Q2 and substituting in Eq. (4), the longitudinal struc-
ture function, FL at 0.8x is obtained and shown in
Table 2 accompanied with their corresponding errors.
The obtained results are compared to theoretical pre-
dictions in Fig. 3. It is observed that at small val-
ues of x , the results based upon our obtained struc-
ture function are comparable with the results of MRS.
Considering the fitted curves to the obtained data, the
longitudinal structure function at Q2 = 20 GeV2 is
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Table 3
The best values of α and β for the gluon distribution function and the best values of α′ and β′ for the longitudinal structure function that
accompanied to errors
Data α ∆ β ∆ α′ ∆ β′ ∆
Table 2 1.025 0.02 −0.373 0.009 0.025 0.001 −0.374 0.005
Table 4
The values of determined F2(x,Q2) compared to the published values (Ref. [16]) at Q2 = 20 GeV2. The determined errors are statistical
Q2 x y F2 (deter.) ∆ F2 (publi.) δ (tot)
20 0.000320 0.695 1.581 0.008 – –
20 0.000410 0.564 1.419 0.007 – –
20 0.000500 0.443 1.334 0.006 1.324 0.02
20 0.000800 0.277 1.191 0.006 1.190 0.018
20 0.001300 0.170 1.063 0.006 1.062 0.018
20 0.002000 0.111 0.940 0.007 0.940 0.028
Fig. 3. Determination of the longitudinal structure function
FL(X,Q
2 = 20 GeV2) as a function of x based upon our obtained
structure functions. The error band represents the uncertainty in
the calculation of FL using the gluon distribution. The solid curve
shows FL function that is extrapolated to lower x values and com-
pared to parton parametrisations. Using data Table 2.
determined:
(11)FL(0.8x)= α′xβ ′ .
The values of α′ and β ′ found from Table 2, can
be observed in Table 3. This results indicate that
our calculations, based upon the determined structure
functions, are of the same form as the one predicted
by the QCD theory. Therefore, this approximated
method is used here to find F2(x,Q2) from which the
longitudinal structure functions have been found and
are in good agreement with the results of Table 15
in Ref. [16] at Q2 = 20 GeV2. In addition, the
undetermined structure functions in the range of y >
0.45 have also been calculated (shown in Table 4).
4. Conclusions
Based upon the variations of the reduced cross sec-
tion in the low-x region, an approximate method for
the calculation of the structure function F2(x,Q2)
is presented. In this method, the structure function
F2(x,Q2) is determined without the prior knowl-
edge of the longitudinal structure function FL(x,Q2).
Careful investigation of our results shows a good
agreement with the previous published F2 structure
functions.
Considering these determined structure functions
and using the previous approaches to find the gluon
distribution function as well as the longitudinal struc-
ture function, and finally comparing with the QCD
parton distribution functions, one concludes that this
new approach is capable of determining the F2(x,Q2)
structure function with considerable precision.
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